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Torsional vibrations in rotating machinery are crucial in determining the 
reliability of the machinery during operation. These vibrations can be induced by 
constant frequency and constant amplitude excitations in steady-state or by a motor drive 
in transient operation. In both the cases, it is essential to determine the torsional 
vibration response of the machinery and perform a fatigue life analysis of its 
components. Due to the complexity of rotating machinery, torsional vibration analysis is 
usually performed with the help of a numerical software. This thesis uses VFD Software, 
an in-house coupled electrical-mechanical system solver, to analyze torsional vibrations 
in steady-state and transient operation of Variable Frequency Drive (VFD) induction 
motor incorporated rotating machinery. 
VFD Software uses complex variable approach to determine the torsional 
vibration response. Fatigue life is determined using the stress-based life approach with 
rainflow counting. The developed steady-state vibration response and life prediction 
code in VFD Software is benchmarked against XLRotor, a commercial rotordynamic 
analysis software, by comparing the results for natural frequencies, mode shapes, 
absolute and relative displacement, transmitted torque and shear stresses.  
The electromagnetic torque provided by a VFD induction motor system has a 
rich harmonic spectrum due to pulse width modulation (PWM) switching of the current 
and voltage. These torque harmonics may cause resonant vibrations should the torque 




used to simulate the motor-compressor train installed at Southwest Research Institute 
(SwRI) to experimentally verify their observation of severe 38 Hz resonant torsional 
vibrations in the open-loop Volts-hertz (V/Hz) operation of the VFD. The open-loop 
V/Hz simulation of the SwRI system show that the torsional vibrations can be reduced 
by increasing the coupling stiffness to more than two times their model value. Also, the 
SwRI simulations show a strong dependency of the amplitude and frequency of the 
electromagnetic torque harmonics with the damping and torsional natural frequency. 
Direct Torque Control (DTC) is implemented to reduce the torsional vibrations to further 
validate the SwRI experimental observation of reduction in torsional vibrations in 
closed-loop feedback control.   
An in-house VFD test-rig is proposed for benchmarking the VFD Software’s 
coupled electrical-mechanical solver by experimentally measuring the amplitude and 
frequency of the dynamic torque and torsional vibrations in the system and correlating 
the results with the VFD Software’s predictions. A preliminary analysis is performed to 
ensure that the dynamic torque and torsional vibrations are within the operating range of 
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1.1. Problem Statement 
Rotating machinery usually consist of sources of excitations such as motors, 
compressor, pumps, turbines etc. The excitations can be steady-state where the 
amplitude and frequency of the excitations are constant in time. Alternatively, during 
startup and shutdown the rotating machinery may be subjected to transient excitations 
from the motor or other drive units. The torsional vibration response of the machinery 
train determines overall reliability of the system in the operating range of the system. As 
most modern machinery have a range of operating speeds, the excitations can have a 
variety of amplitudes and frequencies. It is therefore essential to have a software that can 
determine the response of the rotating machinery to both steady-state and transient 
excitations with a focus on transient and steady-state fatigue life prediction. 
Variable frequency drive (VFD) motors may induce severe torsional vibrations in 
mechanical gear trains. One such example is the high-amplitude torsional vibrations 
observed by Southwest Research Institute (SwRI) on their VFD-incorporated 
compressor test-bed [1]. Traditionally, VFD-motor induced torsional vibrations have 
been analyzed using the frequency and amplitude information of the electromagnetic 
torque provided by the motor/VFD manufacturer. Such an analysis may prove 
insufficient as the torque harmonic spectrum is derived independently of the actual 
mechanical system coupled with the VFD-motor system. A better approach to analyze 




fidelity coupled electrical and mechanical model. The model must incorporate both the 
VFD-motor circuit and a detailed mechanical model and simultaneously solve the 
electrical and mechanical equations of motion.  
1.2. VFD Software 
VFD Software, an in-house computational software, combines the electrical and 
mechanical degree of freedoms to analyze the VFD-motor rotating machinery starting 
from the three-phase power input to the fatigue life of the shafts and couplings. VFD 
Software facilitates optimized design of rotating machinery system by modeling 
mechanical parameters such as moments of inertias, coupling stiffness, and electrical 
parameters such as motor inductances, and resistances and VFD control algorithms. The 
fatigue life prediction analysis uses the rain flow algorithm to predict the life of 
components. 
1.3. Theoretical Work 
The theoretical work includes defining the governing equations of motion for the 
mechanical torsional model and utilizing the complex variable approach to determine the 
torsional vibration response and shear stresses due to steady-state excitations. The 
induction motor governing differential equations along with the motor control 
algorithms such as open-loop Volts-Hertz (V/Hz) control and closed-loop Direct Torque 
Control (DTC) are discussed. Finally, the SN Curve function and the stress-based fatigue 






1.4. Key Contributions and Novel Work 
1.4.1. Steady-state Harmonic Response and Life Prediction (SSHRLP) 
Developed new MATLAB Code and Excel GUI using VBA for VFD Software, 
to determine the torsional vibration response and fatigue life of torsional systems 
subjected to steady-state excitations. Key features: 
 Steady-state excitations can be at multiple frequencies, amplitudes  and can be 
applied at multiple nodes in the system 
 Life-prediction of any element can be computed with the SN Curve information 
 Mean operating torque can be provided to study the effect of mean shear stress 
on the fatigue life of the system 
Validated the novel SSHRLP code by correlating results with XLRotor – the 
industry standard commercial software for rotordynamic simulations 
1.4.2. SwRI: VFD Motor induced Torsional Vibrations in Volts-Hertz Operation 
Utilized VFD Software to verify SwRI’s experimental observations of, 
 Severe resonant 38 Hz torsional vibrations in the low-speed shaft coupling when 
the compressor operated between 9800-11000 rpm with the VFD using an open-
loop Volts-Hertz (V/Hz) control 
 Reduction in the above 38 Hz torsional vibrations when the VFD used a closed-
loop Direct Torque Control (DTC) 
The frequency and amplitudes of the electromagnetic torque and low-speed coupling 





 V/Hz: Constant operating speed for undamped and damped systems 
 V/Hz: Variable operating speed for damped systems 
 V/Hz: Variable torsional natural frequency/coupling stiffness for damped system 
 DTC: Variable operating speed for damped systems 
1.4.3. In-house VFD Test-rig: Preliminary analysis of proposed VFD Induction 
motor test-rig 
Utilized VFD Software to obtain the following results, 
 Fundamental natural frequency and mode shape 
 Dynamic torque amplitudes and frequencies in the electromagnetic torque 
spectrum 
 Transmitted torque in the torque meter (to ensure that this is within the operating 
range of the torque meter for experimental measurement) 
 Coupling relative vibration (to ensure that it is within the proposed design of the 
torsional vibration measurement apparatus) 
1.4.4. Software Development 
 Develop new MATLAB code for steady-state harmonic response and life prediction 
 Utilize parallel computing to accelerate simulations (specifically for SwRI) 
 Develop user-friendly Excel GUI using VBA capable of running on 64-bit PC on 
Excel 2016 (and above) without a MATLAB license 




2. LITERATURE REVIEW 
 
The problem of torsional vibrations in rotating machinery is discussed in [2]. As 
stated in [2], indication of severe torsional vibrations could be gear noise or coupling 
wear whereas severe torsional vibrations may cause fatigue failure. The excitations in 
the system could be steady-state excitations due to the blades in centrifugal machines or 
transient excitations in case of motor startup. Therefore it is essential to have a detailed 
mechanical model that modifies components of rotating machinery such as shaft, 
couplings, gears, inertias, dampers, etc. Such a torsional model is presented in [3]. The 
practical implementation of such a torsional model is described in [4]. A comparison of 
the Finite Element Method (FEM) with other methods of calculating torsional vibrations 
for gear-branched torsional systems is presented in [5]. The modeling of some major 
rotordynamic components is discussed in [6]. 
Steady-state excitations can occur at different locations in the mechanical system 
and comprise of multiple frequencies. The torsional vibration response of a complex 
rotordynamic system to the steady-state excitations can be performed using the complex 
variable approach as described in [7]. Reference [8] presents the traditional method of 
determining fatigue life of a component when subjected to shear stress signals 
comprising of simple stress levels. The torsional vibration response due to steady-state 
excitations may result in shear stresses that have multiple stress levels as a function of 
time. Prediction of fatigue life for such shear stress signals can be done using the 




The steady-state shear stress in rotating machinery consists of a mean shear stress 
and alternating shear stress component. Reference [10] states that the mean shear stress 
has no effect on the torsional fatigue limit as long as the maximum shear stress does not 
exceed the shear yield strength of the material. The relationship between mean shear 
stress, shear yield strength, and the torsional fatigue limit is explored in [11].  
Most rotating machinery incorporate a Variable Frequency Drive (VFD) with 
and induction motor to operate the machinery in different operating conditions. As VFDs 
use Pulse Width Modulation (PWM) switching to modulate current and voltage signals 
the electromagnetic torque provided to the rotating machinery has a rich harmonic 
spectrum. The dependence of the torque harmonic spectrum on the operating electrical 
and PWM frequency in open-loop Volts-Hertz control of induction motors is studied in 
[12]. The torque harmonic frequencies may occur near to the torsional natural frequency 
of the system and cause shear failure of shafts as discussed in [13]. Reference [13] states 
that the torsional vibrations in a system increase significantly due to the presence of a 
VFD in the rotating machinery. Reference [14] documents the VFD induced failure in 
motor-driven compressor machinery trains.  
The effect of VFD inverter levels on the electromagnetic torque spectrum of 
induction motors in open-loop Volts-Hertz control is studied in [15]. Reference [15] 
further shows that specific torque harmonics may have increased amplitude in higher-
level inverter VFD schemes for induction motors. Reference [1] observes severe 




train. The torsional vibrations in [1] were mitigated by using Sensorless Vector Control 
of the induction motor.  
The literature has multiple documented examples of VFD induced fatigue failure 
[16], [17], [18], [19]. Most of the research focus in the literature has been on determining 
the frequency spectrum of the electromagnetic torque [20], [21], and the research on the 
effect of the mechanical system on the electromagnetic torque harmonics is lacking. This 
explains the need for a high-fidelity coupled electrical-mechanical solver to study the 
effect of rotordynamic components such torsional stiffness, damping, and inertia on the 
amplitude and frequency of the electromagnetic torque harmonics as well as the 







The thesis models rotating machinery using a mechanical model and determines 
the vibration response and fatigue life of the system subject to steady-state harmonic 
excitations or transient Variable Frequency Drive (VFD) induction motor-induced 
excitations. The simulations presented in this thesis are performed using an in-house 
software known as “VFD Software” developed using MATLAB and Excel VBA. This 
section describes the mechanical model, the electrical model, VFD control techniques 
such as open-loop Volts-Hertz (V/Hz) and closed-loop Direct Torque Control (DTC), 
the approach for determining steady-state harmonic response, and computing fatigue life 
of the system using rainflow analysis. 
3.1. Mechanical Model 
Rotating machinery consist of shafts, inertias, bearings, coupling flanges, and 
gears which are typically driven by a motor. To model the rotating machinery we use a 
torsional finite element model (FEM) [15] with 𝑁 nodes and each node has one degree 
of freedom (DOF) 𝜃𝑖. The nodes are assigned at locations in the machinery at change in 
diameter, change of shaft, driver and follower gears, and couplings. An example of a 
rotating machinery train with numbered nodes is shown in Figure 1. The connection 
between two nodes is known as element. A shaft can consist of multiple elements and a 
                                                 
* Part of the data reported in this chapter is reprinted with permission from S. Mishra, A. B. Palazzolo, X. 
Han, Y. Li and C. Kulhanek, "Torsional Vibrations in Open Loop Volts Hertz Variable Frequency Drive 
Induction Motor Driven Mechanical Systems," 2020 IEEE Texas Power and Energy Conference (TPEC), 





machinery train can have multiple shafts. Two shafts can be connected by a gear pair or 
a coupling flange. For e.g. in Figure 1, shafts 1 and 2 are connected by the bull gear and 
pinion, and shafts 2 and 3 are connected using a coupling. Large discs in the machinery 
are modeled as lumped inertias and bearing damping is modeled as lumped damping. 
The damping provided between two nodes either due to a torsional coupling or shaft 
material is modeled as shaft damping. 
 
 
Figure 1 Machinery train with lumped inertias, gears, and coupling flanges 
 
Consider an element 𝑒 with outer radius 𝑅𝑜𝑒, inner radius 𝑅𝑖𝑒, length 𝐿𝑒, 
density 𝜌𝑒, and shear modulus 𝐺𝑒. The inertia 𝐼𝑒 of the element is given by, 








The torsional constant 𝐽𝑒 for the element is given by,  

























The elemental stiffness matrix is given by, 






If the shaft damping for the element is 𝑐𝑒 , then the elemental damping matrix is 
given by, 






All the elemental inertia matrices and the lumped inertia are arranged to form 
system inertia matrix ?̲? which has the form, 
?̲? = [
𝐼1 0 0 0
0 𝐼2 0 0
0 0 ⋱ ⋮






 All the elemental stiffness matrices and lumped stiffness from the coupling 







𝑘12 −𝑘12 0 ⋯ 0
−𝑘12 𝑘12 + 𝑘23 −𝑘23 ⋯ 0
0 −𝑘23 𝑘23 + 𝑘34 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮









Using the system stiffness and inertia matrices the natural frequencies and mode 




?̲? = ?̲?−1?̲? 
(9) 
 
If the damping ratios are provided at the undamped natural frequencies of the 
system then the proportional damping matrix 𝐶𝑝 can be calculated as, 





















Where, 𝜔𝑚 and 𝜉𝑚
𝑑  are the undamped frequency and damping ratio of the highest 
known mode, respectively; 𝜔𝑙 and 𝜉𝑙 are the undamped frequency and damping ratio for 
the 𝑙𝑡ℎ mode, respectively; 𝑚?̃? is the modal mass for the 𝑙
𝑡ℎ mode; 𝜓𝑙 is the eigenvector 
for the 𝑙𝑡ℎ mode. 
All the elemental damping matrices, bearing damping, and the proportional 








𝑐12 −𝑐12 0 ⋯ 0
−𝑐12 𝑐12 + 𝑐23 −𝑐23 ⋯ 0
0 −𝑐23 𝑐23 + 𝑐34 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮


































 Suppose nodes 𝑖 and 𝑗 are connected by a gear with node 𝑖 being the driver and 
the node 𝑗 being the follower. Let the gear ratio be 𝑟. Then the angular displacements of 
nodes 𝑖 and 𝑗 are related as follows, 
𝜃𝑖 = 𝑟𝜃𝑗  
(14) 
 
 Therefore, a torsional model with 𝑁 nodes and 𝑔 gear pairs will have 𝑁 − 𝑔 
DOF. The system inertia, stiffness, and damping matrices would be reduced square 
matrices of size (𝑁 − 𝑔) × (𝑁 − 𝑔) and will be modified so that all the nodal 
displacements are referred to the primary shaft with the gear ratio transformation as 
explained in [3]. The nodal load vector would have a size of (𝑁 − 𝑔) × 1. 
Once the system inertia, damping, stiffness, and nodal torque vector are 
determined, the governing equation of motion of the torsional model is given in matrix 
form as,  






3.2. Steady-state Harmonic Response 
3.2.1. Steady-state Excitations 
The steady-state operation of rotating machinery may result in harmonic 
excitations of the system. These excitations are typically integer or fractional multiples 
of the rotating speed. Some common steady-state excitation frequencies for rotating 
machinery are discussed in [2]. The amplitudes at the excitations frequencies may be 
known from experience, experimentation, or manufacturer data. 
3.2.2. Calculation of Node Angular Displacement 
Consider the case when the system is excited in steady-state operation at a 
frequency of 𝑓 Hz. The governing equation for the torsional system is given by (15). 






𝐴𝑓1 cos(2𝜋𝑓𝑡 + 𝜙𝑓1)
𝐴𝑓2 cos(2𝜋𝑓𝑡 + 𝜙𝑓2)
⋮









𝐴𝑓1 cos(𝜔𝑡 + 𝜙𝑓1)
𝐴𝑓2 cos(𝜔𝑡 + 𝜙𝑓2)
⋮




, where 𝜔 = 2𝜋𝑓 
(16) 
 
Using the complex variable approach as described in [7], (15) and (16) can be 
written as, 
?̲??̲̈?(𝑡) + ?̲??̲̇?(𝑡) + ?̲??̲?(𝑡) = Γ̲(𝑡) 
(17) 
 
Where, ?̲?(𝑡) and Γ̲(𝑡) is the complex representations of ?̲?(𝑡) and 
?̲?(𝑡), respectively, and are given by, 























𝑒𝑖𝜔𝑡 = ?̲̃?𝑒𝑖𝜔𝑡 
(19) 
 
Substituting, (18) and (19) in (17), we get, 
(−𝜔2?̲? + 𝑖𝜔?̲? + ?̲?)?̲̃? = ?̲̃? 
(20) 
 
The set of 𝑁 linear, complex, algebraic equations for the 𝑁 unknowns, 
?̃?1, ?̃?2, … , ?̃?𝑁 , are solved by MATLAB. The steady-state response is then obtained by 
converting the complex ?̃?𝑗 to polar form, 
?̃?𝑗 = |?̃?𝑗 |𝑒
𝑖𝜙𝑄𝑗  









)   
(21) 
 
The angular displacement of the 𝑗𝑡ℎ node 𝜃𝑗 is given by, 
𝜃𝑗(𝑡) =  Re(𝑄𝑗) =  Re(?̃?𝑗𝑒
𝑖𝜔𝑡) 
=  Re (|?̃?𝑗 |𝑒
𝑖(𝜔𝑡+𝜙𝑄𝑗)) 
= |?̃?𝑗 | cos (𝜔𝑡 + 𝜙𝑄𝑗) 
(22) 
 
3.2.3. Calculation of Element Dynamic Torque and Dynamic Shear Stress 
Consider shaft element 𝑒 with 𝑞1(𝑡) and 𝑞2(𝑡) representing the angular 





𝑞1(𝑡) = 𝑄1 cos(𝜔𝑡 + 𝜙1) 
𝑞2(𝑡) = 𝑄2 cos(𝜔𝑡 + 𝜙2) 
(23) 
 
The torsional twist 𝜓 in the element is given by, 
𝜓(𝑡) = 𝑞2(𝑡) − 𝑞1(𝑡) 
𝜓(𝑡) = 𝐴𝑡𝑤𝑖𝑠𝑡 cos(𝜔𝑡 + 𝜙𝑡𝑤𝑖𝑠𝑡) 
(24) 
 
Where 𝐴𝑡𝑤𝑖𝑠𝑡 and 𝜙𝑡𝑤𝑖𝑠𝑡 denote the amplitude and phase of the element twist, 
respectively and are given by, 
𝐴𝑡𝑤𝑖𝑠𝑡 = √(𝑞2 cos𝜙2 − 𝑞1 cos𝜙1)2 + (𝑞1 sin𝜙1 − 𝑞2 sin𝜙2)2 
𝜙𝑡𝑤𝑖𝑠𝑡 = − tan
−1 (
𝑞1 sin 𝜙1 − 𝑞2 sin𝜙2


















The above calculations of element shear stress are for a specific frequency 𝜔 
rad/s. Let the system have 𝑁𝑓 different frequency excitations. Let τei and 𝜙𝑒𝑖 denote the 
amplitude and phase of the shear stress in the 𝑒𝑡ℎ element due to frequency 𝑓𝑖. By 
superposition principle the total dynamic shear stress 𝜏𝑑𝑒 in the 𝑒
𝑡ℎelement due to all 𝑁𝑓 










3.2.4. Calculation of Element Mean Shear Stress 
The mean shear stress is caused by the operating torque in the system. This 
operating torque is constant and the system must be solved using static analysis. The 
governing equation for the 𝑁 DOF torsional system subjected to a constant operating 
torque vector 𝑇𝑚̲̲ ̲̲  is, 
?̲??̲? = 𝑇𝑚̲̲ ̲̲  
(29) 
 
Let 𝑇𝑚𝑖  denote the operating torque acting on node 𝑖. Note that 𝑇𝑚𝑖  will be 








 Note that the matrix ?̲? is singular and thus (29) has infinitely many solutions. For 
a rotating torsional system there are no boundary conditions. Thus, no geometrical 
constraints can remove the singularity from ?̲?. To solve the problem, a small stiffness is 
introduced at node 1. Note that, the small stiffness can be added at any node. The added 
stiffness is relatively small as compared to the stiffness of each element in the torsional 
system. This modifies matrix ?̲? and eliminates the singularity. Thus, the node static 




Let the calculated node static angular displacement vector be ?̲?𝑠. Consider a shaft 
element 𝑒 with 𝜃𝑠1 and 𝜃𝑠2  representing the angular displacement of the right and left 
node, respectively. The mean transmitted torque 𝑇𝑚𝑡𝑒 in the element 𝑒 is given by, 
𝑇𝑚𝑡𝑒 =












 The elemental mean shear stress is added to the dynamic shear stress to get the 
total elemental shear stress function 𝜏𝑒𝑓 as follows, 
𝜏𝑒𝑓 = 𝜏𝑚𝑒 + 𝜏𝑑𝑒(𝑡) 
(33) 
 
3.3. Electrical Model 
The mechanical system in a rotating machinery is usually driven by a VFD-
induction motor drive. To determine the vibration response and fatigue life of the 
mechanical system subjected to the motor torque it is essential to have a detailed model 






Figure 2 Closed-loop VFD-motor Machinery Train in VFD Software 
 
The block diagram of a closed-loop VFD-motor machinery train used by VFD 
Software is shown in Figure 2. Note that an open-loop VFD-motor machinery train 
would be similar to Figure 2 but would lack current, voltage and speed feedback. As 
evident from Figure 2, the electrical model in the VFD Software consists of the three-
phase source, the rectifier circuit, the DC bus, the inverter, the VFD controller, 
current/voltage and speed feedback, and differential equations for the induction motor 
[15]. 
3.3.1. Induction motor q-d Model Equations 
Reference [22] models the induction motor in a two axis q-d reference frame. 
The voltage, current, and flux linkage are related by the following equations [22], 
𝑣𝑑𝑠 = 𝑟𝑠𝑖𝑑𝑠 +
𝑑
𝑑𝑡
𝜆𝑑𝑠 − 𝜔𝜆𝑞𝑠 
(34) 
 
𝑣𝑞𝑠 = 𝑟𝑠𝑖𝑞𝑠 +
𝑑
𝑑𝑡




























Flux linkage and current are related by the following equations [22], 






























′ )  
(42) 
 
Where, 𝑣, 𝑖, 𝑟, 𝐿, and 𝜆 denote voltage, current, resistance, inductance, and flux 
linkage, respectively. Subscripts 𝑞 and 𝑑 indicate 𝑞 and 𝑑 axes components of the 
electrical quantity. Subscripts 𝑚 and 𝑙 on the inductance 𝐿 indicate mutual and leakage 
inductance, respectively. Superscript ′ indicates the turns’ ratio transformation [22]. 
𝜔𝑟 and 𝜔 denote the electrical rotation speed (rad/sec) of the rotor and the q-d reference 
frame, respectively. 𝑇𝑒 and 𝑃 denote the electromagnetic (motor) torque and the number 
of pole pairs, respectively. 
3.3.2. Induction Motor Control Algorithms 
As shown in Figure 2, the VFD machinery train takes the three-phase AC voltage 
as input and utilizes the rectifier to convert the AC voltage input to DC. The DC bus 




output. This smoothened DC output from the DC bus is provided to the inverter which 
utilizes the control sequences received from the controller to drive the motor. The 
induction motor control algorithms implemented in VFD Software are described below. 
3.3.2.1. Open-loop Volts-Hertz Control 
In open-loop V/Hz control, the controller maintains a constant ratio of input 
voltage and the input electrical frequency. The target motor speed provides the desired 
electrical frequency which is fed to PWM-based voltage source inverters (VSI) or 
current source inverters (CSI) to provide proportional voltage/current to the motor. 
Supplying the rated voltage results in the motor running at its rated speed. Supplying a 
lower than rated voltage results in a motor speed directly proportional to the supplied 
voltage. Thus, the speed of the motor can be easily varied below the rated speed. The 










3.3.2.2. Closed-loop Direct Torque Control 
In Direct Torque Control (DTC), the stator currents, voltages, and rotor speed are 
fed back to the controller. The key for this control method is to determine the need for 
increase or decrease of the stator flux and electromagnetic torque. The block diagram of 
the closed-loop DTC used by VFD Software is shown in Figure 4. 
 
 
Figure 4 Block Diagram of Closed-loop Direct Torque Control in VFD Software 
  
In Figure 4, the speed regulator contains a PI controller and a look-up table, 
which takes the reference speed and the actual rotor speed as inputs. The PI controller 
outputs the torque reference. The look-up table outputs the stator flux reference. With 
the feedback of the motor’s stator voltages and currents, the flux and torque calculator 
acts as an observer and computes the actual stator flux and motor torque, which are then 
compared with the corresponding reference values in the comparator blocks. The flux 
comparator takes the flux difference between the reference and actual flux as inputs; it 




(difference) is positive, a flux increase is required. If the input is negative, decrease in 
flux is required. Similar to the flux comparator, the input for the torque comparator is the 
torque difference between the reference and actual torque. It determines the need for 
increase or decrease of the motor torque. If the input (difference) is positive, a torque 
increase is required. If the input is negative, decrease in torque is required. The inverter 
optimum switching table consists of a look-up table which selects an optimum state-
space vector is selected based on the need for increase or decrease of the stator flux and 
motor torque. This state-space vector is then applied to the inverter in the form of a 
switching sequence [23], [24], [25], [26]. 
3.3.3. Song’s Formulas 
Equation (42) shows that the electromagnetic torque of an induction motor is a 
product of the stator and rotor currents expressed in a rotating q-d reference frame. In 
open-loop V/Hz control the target amplitude and frequency of the stator voltages are 
achieved by using a PWM-based inverter. Therefore, the PWM-generated stator voltage 
and the resulting stator and rotor currents will have a harmonic spectrum containing 
integer combinations of the PWM frequency 𝑓𝑃𝑊𝑀 and the target electrical frequency 𝑓𝑒. 
As the electromagnetic torque is a product of the stator and rotor currents the 
electromagnetic torque spectrum will be similar to the current spectrum [12].  
The (𝑚, 𝑛) torque harmonic frequency 𝑓𝑇  generated by 𝑚
𝑡ℎ multiple of the 
PWM frequency 𝑓𝑃𝑊𝑀 and the 𝑛





𝑓𝑇 = |𝑚 ⋅ 𝑓𝑃𝑊𝑀 ± 𝑛 ⋅ 𝑓𝑒|  
(43) 
 
The (𝑥, 𝑦) current harmonic frequency 𝑓𝐼 generated by 𝑥
𝑡ℎ multiple of the PWM 
frequency 𝑓𝑃𝑊𝑀 and the 𝑦
𝑡ℎ multiple of the electrical frequency 𝑓𝑒 is given by [12], 
𝑓𝐼 = |𝑥 ⋅ 𝑓𝑃𝑊𝑀 ± 𝑦 ⋅ 𝑓𝑒|  
(44) 
 
According to [12], the (𝑚, 𝑛) torque harmonic frequency 𝑓𝑇 is generated by the 
(𝑥, 𝑦) current harmonic frequency 𝑓𝐼, where, 
𝑥 = 𝑚,   𝑦 = 𝑛 ± 1 
(45) 
 
Here 𝑚 and 𝑛 can take different integer values depending on the type of torque 
harmonics [12]. 
Baseband Harmonics [12], 
{
𝑚 = 0                                                 




Sideband harmonics around even multiples of the carrier frequency [12], 
{
𝑚 = 2𝑖,                      ∀𝑖 = 1,2,3, …




Sideband harmonics around odd multiples of the carrier frequency [12], 
{
𝑚 = 2𝑖 + 1               ∀𝑖 = 0,1,2, …




The formulas and relationships described in (43)–(48) will be referred as “Song’s 
formulas” for the rest of this thesis. Song’s formulas show that – in open-loop V/Hz 




harmonic spectrum containing torque harmonic frequencies 𝑓𝑇 that are a integer 
combination of the PWM frequency 𝑓𝑃𝑊𝑀 and the target electrical frequency 𝑓𝑒. 
3.3.4. Electrical-mechanical System Interaction 
When the mechanical system is driven by a VFD-induction motor, the nodal 
torque vector ?̲? can be expressed as, 
?̲? = 𝑇?̲? − 𝑇?̲?   
(49) 
 
Where, 𝑇?̲? is the electromagnetic drive torque vector and 𝑇?̲? is the external load 
vector. Therefore, (15) can be written as,  
?̲??̈? + ?̲??̲̇? + ?̲??̲? = ?̲? = 𝑇?̲? − 𝑇?̲? 
(50) 
 
The mechanical model in VFD Software assumes that the motor torque is applied 
at a single node. Thus, the electromagnetic torque vector 𝑇?̲? is only non-zero at the motor 
node index 𝑖𝑚. All the other indices in the vector 𝑇?̲? have zero value. Thus,  
𝑇?̲? = 𝑇𝑒 ⋅ 𝑇?̲̂? 
(51) 
 
 Where, 𝑇𝑒 is the instantaneous electromagnetic torque obtained from (42). The 
unit torque vector 𝑇?̲̂? is only non-zero at the motor node index 𝑖𝑚. The electrical rotation 
speed of the rotor 𝜔𝑟  can be expressed in terms of the mechanical rotation speed of 










 Equations (34)–(42) and (49)–(52) show that the electrical and mechanical 
equations of motion are coupled by the mechanical rotation speed of the motor node 
?̇?𝑖𝑚 (rad/s) and the electromagnetic torque of the motor 𝑇𝑒. Therefore, the presence of 
large torsional vibrations may cause large variations in motor node speed ?̇?𝑖𝑚 which can 
result in large pulsations in the torque 𝑇𝑒, and vice-versa. 
3.4. Fatigue Life Prediction 
Dynamic shear stresses may be induced in the elements of the mechanical system 
either due to the VFD-induction drive torque or the steady-state dynamic excitation as 
described before. VFD Software uses a stress-based life prediction method as described 
in [8]. 
3.4.1. SN Curve Approximation  
A typical SN Curve for torsional fatigue analysis of steel components is shown in 
Figure 5. In Figure 5, 𝑆𝑠𝑢 denotes the ultimate shear strength of the component. 𝑁𝐿𝐶𝐹 
denotes the number of cycles after which low-cycle fatigue (LCF) ends and 𝑆𝐿𝐶𝐹 denotes 
the torsional stress amplitude needed for failure to occur after 𝑁𝐿𝐶𝐹 cycles. 𝑁𝐼𝑁𝐹 is the 
number of cycles denoting the infinite (INF) life of the material. 𝑆𝑠𝑒 is actual the 





Figure 5 SN Curve for steel components 
  
Notes the Figure 5 has a log-log scale. If 𝑆 denotes the torsional stress amplitude 
required for failure to occur after 𝑁 cycles, then the SN Curve can be approximated by 
the following piecewise function, 
𝑆 = {
𝑎1𝑁
𝑏1                     1 ≤ 𝑁 ≤ 𝑁𝐿𝐶𝐹
𝑎2𝑁
𝑏2               𝑁𝐿𝐶𝐹 ≤ 𝑁 ≤ 𝑁𝐼𝑁𝐹










′  is the material endurance limit obtained from standardized testing and 




𝑘𝑀𝐴𝑅𝐼𝑁 = 𝑘𝑎𝑘𝑏𝑘𝑐𝑘𝑑𝑘𝑒𝑘𝑓 
(55) 
 
 Where, 𝑘𝑎 is the surface finish factor, 𝑘𝑏 is the size factor, 𝑘𝑐 is the load factor 
(0.57 for torsional loading), 𝑘𝑑 is the temperature factor, 𝑘𝑒 is the reliability factor, and 
𝑘𝑓 is the size factor and are a function of the element material properties, loading 
conditions, and the element geometry. Reference [8] provides empirical relationships to 
obtain 𝑘𝑎, 𝑘𝑏 , 𝑘𝑐 , 𝑘𝑑 , 𝑘𝑒 ,  and 𝑘𝑓.  








 The values of 𝑎1, 𝑎2, 𝑏1, and 𝑏2 can be calculated from (56).  
3.4.2. Pure Torsional Criteria 
 For a ductile component subjected to pure torsional loading, [11] states that the 
mean shear stress has no effect on the torsional endurance limit 𝜏𝑒 of the component if 
the maximum shear stress is less than the shear yield strength 𝜏𝑦 of the component. 
Consider a component subject to a mean shear stress 𝜏𝑚 and alternating shear stress 𝜏𝑎. 
The effect of mean shear stress 𝜏𝑚 on the effective shear stress 𝜏𝑒𝑓𝑓 is described in [15] 
and is summarized below.  
The mean shear stress 𝜏𝑚 has no effect on effective shear stress 𝜏𝑒𝑓𝑓 [15], 
If 𝜏𝑚 < 𝜏𝑦 − 𝜏𝑒 and 𝜏𝑎 > 𝜏𝑒 
             Then 𝜏𝑒𝑓𝑓 = 𝜏𝑎 
(57) 
 




If 𝜏𝑚 > 𝜏𝑦 − 𝜏𝑒 and 𝜏𝑎 > 𝜏𝑦 − 𝜏𝑚 






3.4.3. Goodman’s Criteria 
As discussed before, the presence of mean shear stress 𝜏𝑚 has an effect on the 
torsional endurance limit 𝜏𝑒 of the ductile component. To accommodate this effect, the 
alternating shear stress 𝜏𝑎 is adjusted to an effective shear stress 𝜏𝑒𝑓𝑓 using the 








Where, 𝜏𝑢 denotes the ultimate shear strength of the component.  
XLRotor uses the Goodman’s criteria to consider the effect of a mean shear 
stress on the torsional endurance limit. VFD Software is capable of using both the 
Goodman’s or Pure Torsional criteria for mean shear stress consideration. When 
benchmarking the life prediction code of VFD Software against the XLRotor life 
prediction code the Goodman’s criteria is used in VFD Software. However, references 
[7], [8], [10], [11], and [15] support the use of the Pure Torsional Criteria for mean shear 
stress consideration. 
3.4.4. Fatigue Life Calculation 
The actual shear stress 𝜏𝑎𝑐𝑡 in the component can be obtained by multiplying the 




𝜏𝑎𝑐𝑡 = 𝐾𝑓𝜏𝑒𝑓𝑓 
(60) 
 
The fatigue notch factor 𝐾𝑓 depends on the fatigue notch sensitivity 𝑞 and the 
theoretical stress concentration factor 𝐾𝑡 [8], 
𝐾𝑓 = 1 + 𝑞(𝐾𝑡 − 1) 
(61) 
 
The values for 𝑞 and 𝐾𝑡 depend on the geometry and material of the component 
and can be obtained from the empirical relationships described in [8]. 
The mean and alternating shear stresses induced in the elements of the VFD 
machinery mechanical model are not constant and vary with time. For time-varying 
shear stress signals, fatigue analysis can be done using the rainflow counting approach as 
described in [9]. Rainflow analysis segregates the shear stress signal into multiple stress 
reversals. Each stress reversal has constant 𝜏𝑚 and 𝜏𝑎 within its range. Miner’s rule 
states that if there are 𝑘 different stress levels (with linear damage hypothesis) and the 









 Where, 𝑛𝑖 denotes the number of stress cycles accumulated at stress 𝑆𝑖. The final 










4. STEADY-STATE HARMONIC RESPONSE AND LIFE PREDICTION 
 
4.1. Simple motor-compressor train: Example 1 
The following discussion analyzes a simple motor compressor model. It is 
assumed that the motor is connected to the compressor with a single shaft without the 
use of a gearbox. Also, it is assumed that there are no couplings to connect the motor 
shaft to the compressor i.e. that the motor and compressor are simply connected by a 
single shaft. The bearing coefficients are neglected and therefore the system is 
undamped.  
The system natural frequency and response to steady-state excitation is computed 
and fatigue life are determined using manual calculations. The natural frequency, steady-
state response, and fatigue life are computed using VFD Software and the results are 
correlated with the manual calculations. 
4.1.1. Model 
The model assumed for the analysis is shown in Figure 6. The system is assumed 
to have two nodes. Node 1 represents the motor and Node 2 represents the compressor. 
The two nodes are connected by a steel shaft which acts as a torsional spring for the 






Figure 6 Example 1: Simple Motor-Compressor Train 
 
Table 1 Example 1: System Properties 
Description Value  
Motor Inertia 𝐼𝑚 2.6 kgm
2 
Compressor Inertia 𝐼𝑐 2.5 kgm
2 
Shaft Outer Radius 𝑅𝑜 20 mm 
Shaft Inner Radius 𝑅𝑖 10 mm 
Shaft Length 𝐿 1 m 
Modulus of Rigidity of Steel 𝐺 82.7 GPa 
Density of Steel 𝜌 7850 kg/m3 
Operating Torque 𝑇 2.5 kNm 
Dynamic Torque 𝑇𝑑 100 Nm 
Frequency of Dynamic Torque 𝑓 20 Hz 
 
Note that the compressor load torque balances the static torque from the motor. 
Let the dynamic torque of the motor have the form, 
𝑇 = 𝑇𝑑 cos(2𝜋𝑓𝑡) 
(64) 
 
4.1.2. Natural Frequency 











The inertia 𝐼𝑠 of the shaft is given by, 





) 𝐿 = 7850𝜋 (
0.024 − 0.014
2
)1 = 1.8496 × 10−3 kgm2 
(66) 
 















The torsional constant 𝐽 for the shaft is given by,  





) = 𝜋 (
0.024 − 0.014
2
) = 2.3562 × 10−7 m4 
(68) 
 





82.7 × 109 × 2.3562 × 10−7 
1
= 1.9486 × 104 Nm/rad 
(69) 
 










 Consider the homogenous form of the equation of motion, 
?̲??̈? + ?̲??̲? = 0̲ 
(71) 
 
Assume a harmonic solution of the form, 
?̲? = ?̲̃?𝑒𝑖𝜔𝑡 
(72) 
 




(?̲? − 𝜔2?̲?)?̲̃? = 0̲ 
(73) 
 
Equation (73) should have non-trivial solutions for the system to vibrate. Thus, 
𝑑𝑒𝑡(?̲? − 𝜔2?̲?) = 0 
∴   𝜔 = 0  or 𝜔 = 123.63 rad/s  
(74) 
 







= 19.676 Hz 
(75) 
 
4.1.3. Dynamic Shear Stress 
Consider the equation of motion for the steady state vibration of the system, 
?̲??̈? + ?̲??̲? = ?̲? 
(76) 
 
 Assume that the compressor provides a constant load to the system. The only 







Let the forcing frequency be represented as,  
𝜔 = 2𝜋𝑓 =  40𝜋 rad/s 
(78) 
 
Convert the force vector into complex form as follows, 

















?̲? = ?̲̃?𝑒𝑖𝜔𝑡 
(81) 
 
Substituting the assumed solution in the equation of motion for steady state 
vibration we get, 







 Thus, the solution is, 
𝜃1(𝑡) = −0.03835 cos(40𝜋𝑡) 
𝜃2(𝑡) = 0.03735 cos(40𝜋𝑡) 
(83) 
 
 Thus, the twist of the shaft as a function of time is, 
∅ = 𝜃1(𝑡) − 𝜃2(𝑡) = −0.0757 cos(40𝜋𝑡) = 0.0757 cos(40𝜋𝑡 + 𝜋) 
(84) 
 
Thus, amplitude and phase of twist is, 
∅𝐴 = 0.0757 rad, ∅𝑝ℎ𝑎𝑠𝑒 =  𝜋 rad 
(85) 
 





82.7 × 109 × 2.3562 × 10−7 
1
= 1475.1 Nm 
(86) 
 







= 125.16 MPa 
(87) 
 
4.1.4. Mean Shear Stress 









2.5 × 103 × 0.02
2.3562 × 10−7
= 212.21 MPa 
(88) 
 
4.1.5. SN Curve 
The shaft is made of material UNS G41300 steel with the material and loading constants 
shown in Table 2. Equations (53)–(56) are then used to compute the constants 𝑎1, 𝑎2, 𝑏1, 
𝑏2, and other material properties of the shaft. These properties are tabulated in Table 3. 
 
Table 2 Example 1: Material and Loading Constants 
Description   Value 
Ultimate Tensile Strength, 𝑆𝑢𝑡 860 MPa 
Tensile Yield Strength, 𝑆𝑦𝑡 460 MPa 
Tensile Endurance Limit, 𝑆𝑒
′
 345 MPa 
Low Cycle Fatigue (LCF) Cycles, 𝑁𝐿𝐶𝐹 200 
Infinite Fatigue Life Cycles, 𝑁𝐼𝑁𝐹 100000 
Ratio of Ultimate Shear Strength, 𝑆𝑠𝑢, to Ultimate Tensile 
Strength, 𝑆𝑢𝑡 
0.8 
Ratio of LCF Shear Strength, 𝑆𝐿𝐶𝐹, to Ultimate Shear Strength, 𝑆𝑠𝑢 0.9 
Ratio of Shear Yield Strength, 𝑆𝑠𝑦, to Tensile Yield Strength, 𝑆𝑦𝑡 0.577 
Surface Finish Factor, 𝑘𝑎 1 
Size Factor, 𝑘𝑏 1 
Load factor, 𝑘𝑐 0.57 
Temperature Factor, 𝑘𝑑 1 
Reliability Factor, 𝑘𝑒 1 






Table 3 Example 3: Calculated Material and Loading Constants 
Description   Value 
 𝑎1𝑠 688 MPa 
 𝑎2𝑠 1263.9 MPa 
𝑏1𝑠 -0.019886 
𝑏2𝑠 -0.13467 
Ultimate Shear Strength, 𝑆𝑠𝑢 688 MPa 
LCF Shear Strength, 𝑆𝐿𝐶𝐹 619.2 MPa 
Shear Yield Strength, 𝑆𝑠𝑦 265.42 MPa 
Actual Torsional Endurance Limit, 𝑆𝑠𝑒 196.65 MPa 
 
4.1.6. Fatigue Life 
Note that for the shaft, 
𝜏𝑚 = 212.21 MPa, 𝜏𝑎 = 125.16 MPa, 𝜏𝑦 − 𝜏𝑒 = 68.7 MPa,  
𝜏𝑦 − 𝜏𝑚 = 53.21 MPa 
(89) 
 
Comparing the stress values with (57) and (58), it is evident that mean shear 









= 462.51 MPa (90) 
 
Since 𝜏𝑒𝑓𝑓 < 𝑆𝐿𝐶𝐹 and 𝜏𝑒𝑓𝑓 > 𝑆𝑠𝑒, the loading causes a high cycle fatigue. Thus, 













= 1745.5 cycles 
(91) 
 













4.1.7. Results using VFD Software 
The model analyzed above is now simulated using VFD Software. The shaft 
configuration and added inertia tables input into the software are as shown in Figure 7. 
 
 
Figure 7 Example 1: Shaft and Inertia Tables 
 
The physical configuration, modeshape, and natural frequency of the system 
provided by VFD Software are shown in Figure 8 and Figure 9. 
 
 






Figure 9 Example 1: Natural Frequency and Mode Shape 
 
 The dynamic steady-state excitations for the system are as shown in Figure 10. 
Note that the excitation with frequency zero is for providing mean torque input.  
 
 
Figure 10 Example 1: Steady-state Dynamic Torque input 
 
VFD Software computes the results for the dynamic excitations in Figure 10. The 
node absolute and relative displacement is shown in Figure 11. The element torque and 






Figure 11 Example 1: Node absolute and relative displacement output 
 
 
Figure 12 Example 1: Element torque and shear stress output 
  
 The plots for node absolute displacement, node relative displacement, element 
torque, and element shear stress are shown in Figure 13, Figure 14, and Figure 15. 
 
 






Figure 14 Example 1: Relative displacement between nodes 1 and 2 
 
 
Figure 15 Example 1: Shaft 1 Element 1 torque and shear stress 
 
The element SN curve and life prediction information provided to VFD Software is 
shown in Figure 16. VFD Software computes the fatigue life of the element. The life 
prediction output is shown in Figure 17. The SN curve generated by the software is 







Figure 16 Example 1: Element SN curve and life prediction input 
 
 
Figure 17 Example 1: Life prediction output 
 
 










The simulation results of the above system using VFD Software matches with the 
results obtained by calculations. It is evident that a small dynamic torque excitation near 
the torsional natural frequency of the system can cause catastrophic failure when the 
system is undamped. 
4.2. Correlation with XLRotor: Example 2 
XLRotor is a commercial rotating machinery analysis software developed by 
Rotating Machinery Analysis, Inc. [27]. It is widely known in the Rotordynamics 
industry for its versatility and accuracy. This section simulates a geared motor-
compressor train in VFD Software and XLRotor and compares the results. 
4.2.1. System Model and Natural Frequencies 
The system shaft configuration, added inertia, gears, and coupling flange input to 






Figure 20 Example 2: Shaft configuration 
 
 
Figure 21 Example 2: Added inertia, and gears tables 
 




(a)                                                                      (b) 





The first four modeshapes obtained by VFD Software are compared with the first 




(a)                                                              (b) 
Figure 23 Example 2: Modeshape 1 (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 






(a)                                                              (b) 
Figure 25 Example 2: Modeshape 3 (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 
Figure 26 Example 2: Modeshape 4 (a) VFD Software (b) XLRotor 
 
4.2.2. Steady-state Excitation and Response 
To avoid resonant vibrations due to steady-state excitations, proportional 






Figure 27 Example 2: Proportional Damping 
 
 The motor is assumed to run at 3870 rpm and the system is excited with 1x and 
2x order excitations at node 1. The 1x and 2x order excitations at 3870 rpm correspond 
to excitation frequencies of 64.5 and 129 Hz in the dynamic torque excitation table in 
VFD Software. The steady-state excitation inputs in VFD Software and XLRotor is 
shown in Figure 28. 
 
 
(a)                                                              (b) 
Figure 28 Example 2: Steady-state excitations in (a) VFD Software (b) XLRotor 
 
 XLRotor provides outputs of node absolute and relative displacement, element 
torque and shear stress for one 360 degree revolution of the motor. In VFD Software, 













 The node 4 absolute displacement, relative displacement between nodes 2 and 3, 
shaft 1 element 2 torque, and shaft 2 element 1 shear stress obtained by VFD Software 




(a)                                                              (b) 
Figure 29 Example 2: Node 4 displacement (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 
Figure 30 Example 2: Relative displacement between nodes 2 and 3 (a) VFD 






(a)                                                              (b) 
Figure 31 Example 2: Shaft 1 Element 2 Torque (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 




The modeshapes, natural frequencies, node absolute and relative displacement, 
element torque and shear stress obtained from VFD Software match with that obtained 




4.3. Correlation with XLRotor: Example 3 
. This section simulates a screw-compressor machinery train in VFD Software 
and XLRotor to benchmark VFD Software’s code for Steady-State Harmonic Response 
(SSHR) against XLRotor. 
4.3.1. System Model and Natural Frequencies 
The system shaft configuration, added inertia, gears, and coupling flange input to 
VFD Software are shown in Figure 33, Figure 34, and Figure 35. Note that system 
consists of 40 nodes in XLRotor and only 38 nodes in VFD Software. This is because 
the coupling flange can be modeled in 2 nodes in VFD Software which takes 4 nodes to 
model in XLRotor i.e. nodes 18-21 in XLRotor shaft input. Thus after node 19 in VFD 
Software there is an offset of 2 nodes between VFD Software and XLRotor. Thus node 
26 in VFD Software corresponds to node 28 in XLRotor. 
 
 






Figure 34 Example 3: Shaft Configuration: Part 2 
 
 
Figure 35 Example 3: Added inertia, gears, and coupling flange tables 
 
The physical configuration obtained by VFD Software and XLRotor is compared 









Figure 36 Example 3: Physical Configuration (a) VFD Software (b) XLRotor 
 
The first four modeshapes obtained by VFD Software are compared with the first 







(a)                                                              (b) 
Figure 37 Example 3: Modeshape 1 (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 






(a)                                                              (b) 
Figure 39 Example 3: Modeshape 3 (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 
Figure 40 Example 3: Modeshape 4 (a) VFD Software (b) XLRotor 
 
4.3.2. Steady-state Excitation and Response 
To avoid resonant vibrations due to steady-state excitations, proportional 






Figure 41 Example 3: Proportional Damping 
 
 The motor is assumed to run at 2000 rpm and the system is excited with 1.33x, 
1.5x, 1.67x, and 2x order excitations at node 7. The 1.33x, 1.5x, 1.67x, and 2x excitation 
at 2000 rpm correspond to excitation frequencies of 44.44, 50, 55.55, 66.67 Hz in the 
dynamic torque excitation table in VFD Software. The steady-state excitation inputs in 
VFD Software and XLRotor is shown in Figure 42. 
 
 
(a)                                                              (b) 
Figure 42 Example 3: Steady-state excitations in (a) VFD Software (b) XLRotor 
 
 XLRotor provides outputs of node absolute and relative displacement, element 
torque and shear stress for one 360 degree revolution of the motor. In VFD Software, 













 The node 26 absolute displacement, relative displacement between nodes 37 and 
38, shaft 2 element 12 torque, and shaft 2 element 6 shear stress obtained by VFD 




(a)                                                              (b) 
Figure 43 Example 3: Node 26 displacement (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 
Figure 44 Example 3: Relative displacement between nodes 37 and 38 (a) VFD 





(a)                                                              (b) 
Figure 45 Example 3: Shaft 2 Element 12 Torque (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 




The modeshapes, natural frequencies, node absolute and relative displacement, 





4.4. Correlation with XLRotor: Example 4 
. This section simulates a 6 MW turbo-alternator machinery train in VFD 
Software and XLRotor to benchmark VFD Software’s code for Steady-State Harmonic 
Response (SSHR) against XLRotor. 
4.4.1. System Model and Natural Frequencies 
The system shaft configuration, added inertia, gears, and coupling flange input to 
VFD Software are shown in Figure 47, Figure 48, Figure 49, Figure 50, Figure 51, 
Figure 52, and Figure 53. 
 
 






Figure 48 Example 4: Shaft Configuration: Part 2 
 
 






Figure 50 Example 4: Shaft Configuration: Part 4 
 
 
Figure 51 Example 4: Shaft Configuration: Part 5 
 
 






Figure 53 Example 4: Added Inertia table 
 
The physical configuration obtained by VFD Software and XLRotor is compared 
in Figure 54 and Figure 55, respectively. 
 
 





Figure 55 Example 4: Physical Configuration XLRotor 
 
The first five modeshapes obtained by VFD Software are compared with the first 
four modeshapes obtained by XLRotor in Figure 56, Figure 57, Figure 58, Figure 59, 
and Figure 60. 
 
 
(a)                                                              (b) 






(a)                                                              (b) 
Figure 57 Example 4: Modeshape 2 (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 






(a)                                                              (b) 
Figure 59 Example 4: Modeshape 4 (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 
Figure 60 Example 4: Modeshape 5 (a) VFD Software (b) XLRotor 
 
4.4.2. Steady-state Excitation and Response 
To avoid resonant vibrations due to steady-state excitations, proportional 






Figure 61 Example 4: Proportional Damping 
 
 The motor is assumed to run at 1000 rpm and the system is excited with 1x, 
1.33x, and 2.33x order excitations at nodes 20, 15, and 20. The 1x, 1.33x, and 2.33x 
order excitation at 1000 rpm correspond to excitation frequencies of 16.67, 22.22, and 
38.89 Hz in the dynamic torque excitation table in VFD Software. The steady-state 
excitation inputs in VFD Software and XLRotor is shown in Figure 62. 
 
 
(a)                                                              (b) 
Figure 62 Example 4: Steady-state excitations in (a) VFD Software (b) XLRotor 
 
 XLRotor provides outputs of node absolute and relative displacement, element 
torque and shear stress for one 360 degree revolution of the motor. In VFD Software, 













 The node 20 absolute displacement, relative displacement between nodes 10 and 
11, shaft 1 element 15 torque, and shaft 1 element 18 shear stress obtained by VFD 




(a)                                                              (b) 
Figure 63 Example 4: Node 20 displacement (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 
Figure 64 Example 4: Relative displacement between nodes 10 and 11 (a) VFD 






(a)                                                              (b) 
Figure 65 Example 4: Shaft 2 Element 12 Torque (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 




The modeshapes, natural frequencies, node absolute and relative displacement, 





4.5. Correlation with XLRotor: Example 5 
. This section simulates a 7-stage sea water motor pump machinery train in VFD 
Software and XLRotor to benchmark VFD Software’s code for Steady-State Harmonic 
Response (SSHR) against XLRotor. 
4.5.1. System Model and Natural Frequencies 
The system shaft configuration, added inertia, gears, and coupling flange input to 
VFD Software are shown in Figure 67, Figure 68, Figure 69, Figure 70, Figure 71, 
Figure 72, and Figure 73. 
 
 






Figure 68 Example 5: Shaft Configuration: Part 2 
 
 






Figure 70 Example 5: Shaft Configuration: Part 4 
 
 






Figure 72 Example 5: Gears and Coupling Flange tables 
 
  
Figure 73 Example 5: Added Inertia table 
 
The physical configuration obtained by VFD Software and XLRotor is compared 






Figure 74 Example 5: Physical Configuration VFD Software  
 
 
Figure 75 Example 5: Physical Configuration XLRotor 
 
The first five modeshapes obtained by VFD Software are compared with the first 
four modeshapes obtained by XLRotor in Figure 76, Figure 77, Figure 78, Figure 79, 






(a)                                                              (b) 
Figure 76 Example 5: Modeshape 1 (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 






(a)                                                              (b) 
Figure 78 Example 5: Modeshape 3 (a) VFD Software (b) XLRotor 
 
 
(a)                                                              (b) 






(a)                                                              (b) 
Figure 80 Example 5: Modeshape 5 (a) VFD Software (b) XLRotor 
 
4.5.2. Steady-state Excitation and Response 
To avoid resonant vibrations due to steady-state excitations, proportional 
damping is added to the system as shown in Figure 61. 
 
 
Figure 81 Example 5: Proportional Damping 
 
 The motor is assumed to run at 1785 rpm and the system is excited with 2x order 
excitations at nodes 112 and 34. The 2x order excitation at 1785 rpm correspond to 
excitation frequency of 59.5 Hz in the dynamic torque excitation table in VFD Software. 






(a)                                                              (b) 
Figure 82 Example 5: Steady-state excitations in (a) VFD Software (b) XLRotor 
 
 XLRotor provides outputs of node absolute and relative displacement, element 
torque and shear stress for one 360 degree revolution of the motor. In VFD Software, 







= 0.033613 sec 
(96) 
 
 The node 1 absolute displacement, relative displacement between nodes 80 and 
81, shaft 6 element 8 torque, and shaft 6 element 6 shear stress obtained by VFD 




(a)                                                              (b) 






(a)                                                              (b) 
Figure 84 Example 5: Relative displacement between nodes 80 and 81 (a) VFD 
Software (b) XLRotor 
 
 
(a)                                                              (b) 






(a)                                                              (b) 




The modeshapes, natural frequencies, node absolute and relative displacement, 
element torque and shear stress obtained from VFD Software match with that obtained 
from XLRotor. 
4.6. Correlation with XLRotor: Example 6 – Transient Life Prediction 
The simple geared motor-compressor model described in Section 4.2 (Example 
2) is simulated with a transient torque and the transient vibration response and fatigue 
life of the system is determined. The simulation is performed in XLRotor and VFD 
Software to benchmark VFD Software’s life prediction code against XLRotor. 
4.6.1. System Model and Natural Frequencies 
The system shaft configuration, added inertia, gears, and coupling flange input to 
VFD Software are shown in Figure 20 and Figure 21. The physical configuration 




modeshapes obtained by VFD Software are compared with the first four modeshapes 
obtained by XLRotor in Figure 23, Figure 24, Figure 25, and Figure 26. 
4.6.2. Transient Excitation and Response 
A transient torque is applied at the motor node (node 1) of the machinery train 
for 1 second using the following formula, 
𝑇(𝑡) = 88500 + 177000(𝑡2 sin(100𝜋𝑡) + 𝑡 sin(20𝜋𝑡))  lbf-in 
(97) 
 
 The plot of the applied transient torque at node 1 in VFD Software is shown in 




(a)                                                              (b) 







(a)                                                              (b) 
Figure 88 Example 6: Element 1 Torque Response (a) VFD Software (b) XLRotor 
 
4.6.3. Transient Fatigue Life Prediction 
To benchmark the VFD Software is set to use the Goodman’s criteria for mean 
shear stress consideration as described before. The SN Curve and loading parameters 
needed for fatigue life prediction of element 1 provided to the VFD Software and 
XLRotor are shown in Figure 89 and Figure 90, respectively. Note that as described in 
Figure 20, the element 1 has an outer radius of 0.05 m (3.937 in) and an inner radius of 0 
m. The life prediction analysis for element 1 is done for the shear stress response from 0 
to 1 second. The life prediction output from VFD Software and XLRotor is shown in 
Figure 91. Additionally, VFD Software generates the log-log SN Curve and the shear 
















(a)                                                              (b) 




(a)                                                              (b) 
Figure 92 Example 6: Additional Outputs for Element 1 Life Prediction Analysis 
generated by VFD Software (a) SN Curve (b) Shear Stress Signal 
 
4.6.4. Discussion 
The transient response obtained from VFD Software and XLRotor are an exact 
match. The transient fatigue life cycles to failure obtained from VFD Software and 
XLRotor are close to each other. The slight discrepancy is due to the difference in 




5. TORSIONAL VIBRATION ANALYSIS OF VFD-INDUCTION MOTOR-DRIVEN 
SYSTEMS* 
 
5.1. SwRI Motor Compressor Train 
Southwest Research Institute (SwRI) observed large 38 Hz torsional vibrations 
when the compressor operated between 9800-11000 rpm with the VFD in open-loop 
V/Hz control [1]. This section aims at analyzing the SwRI motor compressor system 
using VFD Software and correlating with the results in [1]. 
5.1.1. System Model and Natural Frequencies 
The VFD motor-compressor test-rig installed at SwRI is shown in Figure 93. A 
61 node model is used in VFD Software to obtain the first five natural frequencies and 
mode shapes. The shaft configuration, added inertia, and gear tables for the 61 node 
model are shown in Figure 94, Figure 95, Figure 96, Figure 97, Figure 98, and Figure 99 
 
                                                 
* Part of the data reported in this chapter is reprinted with permission from S. Mishra, A. B. Palazzolo, X. 
Han, Y. Li and C. Kulhanek, "Torsional Vibrations in Open Loop Volts Hertz Variable Frequency Drive 
Induction Motor Driven Mechanical Systems," 2020 IEEE Texas Power and Energy Conference (TPEC), 






Figure 93 VFD induction motor-driven compressor test-rig at SwRI 
 
 






Figure 95 Shaft configuration: 61 Node Model (Part 2) 
 
 






Figure 97 Shaft configuration: 61 Node Model (Part 4) 
 
 
Figure 98 Gears Table: 61 Node Model 
 
 





 The fundamental mode shape obtained by VFD Software is shown in Figure 100. 
A comparison of the first five natural frequencies obtained by VFD Software and SwRI 
[1] is shown in Table 4. 
 
 
Figure 100 Fundamental mode shape obtained by VFD Software: 61 Node Model 
 
Table 4 Comparison of first five natural frequencies obtained from VFD Software 
(61 Node Model) and SwRI 
Mode 
Natural Frequency (Hz) 
VFD Software SwRI 
1 38.557 38.585 
2 111.315 111.207 
3 335.169 335.275 
4 480.579 480.759 
5 591.947 592.559 
 
 The 61 node model is simplified to an 11 node model for faster analysis. The 
reduction in number of nodes is done by preserving the system inertia and coupling 
stiffness. The shaft configuration, added inertia, and gear tables for the 11 node model is 




and nodes 9-10 represent the high-speed coupling. The fundamental mode shape and 




Figure 101 Shaft configuration: 11 Node Model 
 
 






Figure 103 Fundamental mode shape obtained by VFD Software: 11 Node Model 
 
 Comparing Figure 103 with Figure 100, it is evident that the fundamental natural 
frequency obtained by the 61 and 11 node models are close to each other. Therefore, 
using the 11 node model would be a good approximation of the SwRI mechanical 
system.  
5.1.2. Induction Motor and V/Hz Drive 
The nameplate of the motor installed at SwRI is shown in Figure 104. From 
Figure 104 the motor is a 3-phase, 60 Hz, 4040 HP motor with a rated speed of 1790 
rpm. The rated voltage for the motor is 4160 Volts in a star configuration. The motor has 
a full-load rated efficiency of 96.8% and a power factor of 0.87. The IL/IN parameter in 
the nameplate stands for the ratio of the current in the stator coils during the locked-rotor 
stage (motor start-up stator current) to the rated current of the motor. This can be also 
expressed by kVA/HP (per horsepower KVA input during locked-rotor stage). The 






Figure 104 Induction Motor Name Plate: SwRI 
 









A 0-3.15 L 9.00-10.00 
B 3.15-3.55 M 10.00-11.20 
C 3.55-4.00 N 11.20-12.50 
D 4.00-4.50 O 12.50-14.00 
E 4.50-5.00 P 14.00-14.60 
F 5.00-5.60 R 16.00-18.00 
G 5.60-6.30 S 18.00-20.00 
H 6.30-7.10 T 20.00-22.40 
J 7.10-8.00 U 22.40 and up 
K 8.00-9.00     
 









 Thus, from Table 5 the NEMA Code Letter for locked-rotor current is ‘H’. The 
synchronous speed of the motor is, 
𝑁𝑠 = 120 ×
60
4
= 1800 𝑟𝑝𝑚 
(99) 
 










= 0.55 % 
(100) 
 
The properties of the different types of NEMA motors [29] is shown in Table 6. 
 














A Normal High High < 5% 
Machine tools, 
fans, pumps 
B Normal Normal Normal 3-5% Same as A 












Note that, Normal Starting Torque is approximately 150% of full-load torque; 
Normal Starting Current is 4 to 6 times Normal full load amps; Normal Breakdown 
Torque is approximately 210% of full load torque; Normal Slip - generally between 3% 
and 5% at rated load [29]. 
Since, we have low slip and high start-up current (IL/IN = 7) it is assumed that 
the motor is of NEMA ‘A’ design. The induction motor name plate information provided 
to VFD Software is shown in Figure 105. VFD Software approximates the motor q-d 
resistances and inductances used in (34)–(42) based on the name plate information [28]. 






Figure 105 Induction Motor Name Plate input 
 
 
Figure 106 Induction Motor Approximated Motor Parameters 
 
 The VFD is operated in V/Hz mode with two inverter levels and a PWM 
switching frequency 𝑓𝑃𝑊𝑀 = 1080 Hz. The inverter levels and PWM frequency are 
constant for the entire simulation. The target speed is variable. 
5.1.3. Effect of damping on torsional vibrations and torque harmonic spectrum in 
V/Hz control 
SwRI observes severe torsional vibrations at 38 Hz when the compressor 
operates between 9800-11000 rpm [1]. This corresponds to a motor target speed of 
1258-1412 rpm. For a preliminary analysis, the target speed of the motor is kept at 1351 




seconds assuming zero initial conditions. The plot of electromagnetic torque as a 
function of time is shown in Figure 107. Figure 107 shows that the motor takes 10 
seconds to reach steady state. The electromagnetic torque signal between 10 to 20 
seconds (the steady state part of the signal) is subjected to FFT analysis and the torque 
spectrum is shown in Figure 108. Note that the DC component of the torque is 
eliminated to analyze only the pulsations in the torque signal. 
 
 






Figure 108 Electromagnetic Torque Spectrum: Speed 1351 rpm, Damping 0% 
 
 The system is now simulated by adding 3% damping (𝜁 = 0.03) at the first mode 
using a proportional damping model. The target speed is maintained at 1351 rpm. For 
the damped system, the variation of the torque with time is shown in Figure 109. Again, 
the steady-state part of the electromagnetic torque between 10 to 20 seconds is subject to 







Figure 109 Electromagnetic Torque: Speed 1351 rpm, Damping 3%, fPWM=1080 Hz 
 
 






Figure 107 and Figure 109 show that the peak-peak torque pulsation is very small 
for the damped system as compared to the undamped system. Figure 108 shows that the 
undamped system has a dominating electromagnetic torque harmonic at 38 Hz. When 
damping is added to the system, the amplitude of the electromagnetic torque harmonic at 
38 Hz is reduced from 5.5 × 105 to 1650 lbf-inch. For the undamped system, there are 
only two dominant (high amplitude) electromagnetic torque harmonics in the 0-100 Hz 
frequency range. The number of dominant electromagnetic harmonics in the 0-100 Hz 
band is very high for the damped system. The high amplitude of the torque harmonic at 
38 Hz for the undamped system results from the fundamental torsional natural frequency 
being 38 Hz and the interaction of electrical-mechanical systems as explained in (49)–
(52).  







= 45.033 Hz 
(101) 
 
 Here, 𝑃 denotes the pole pairs in the induction motor. The torque harmonic 
frequency at 38 Hz as evident from Figure 108 and Figure 110 can be explained from 
Song’s formulas described in (43)–(48). Using (43) and (47), with 𝑚 = 48 and 𝑛 =
1192 we get, 
𝑓𝑡 = |𝑚 ⋅ 𝑓𝑃𝑊𝑀 − 𝑛 ⋅ 𝑓𝑒| = |48 ⋅ 1080 − 1192 ⋅ 45.033| = 38 Hz 
(102) 
 
 When the system is undamped this 38 Hz torque harmonic drives the system into 





5.1.4. Effect of motor target speed on torsional vibrations and torque harmonic 
spectrum in V/Hz control 
The mechanical model of the SwRI system is kept fixed as described in Figure 
101 and Figure 102. The proportional damping in the system is maintained at 3%. The 
motor nameplate and the obtained DQ parameters described in Figure 105 and Figure 
106 are also kept fixed. The motor target speed in open-loop V/Hz control is varied from 
950-1460 rpm. For each speed, the steady-state part of the electromagnetic torque and 
the relative angular displacement of the low-speed coupling is subjected to an FFT 
analysis.  The waterfall plot of the harmonics in the electromagnetic torque and the low-
speed coupling relative angular displacement as a function of speed are shown in Figure 
111 and Figure 112, respectively. 
 
 
Figure 111 Variation of electromagnetic torque harmonics with target motor speed 






Figure 112 Variation of harmonics in the relative angular displacement of the low-
speed coupling with target motor speed in open-loop V/Hz control, fPWM=1080 Hz 
 
 Figure 111 shows that as the motor speed increases from 950 to 1460 rpm, the 
cluster of dominating electromagnetic torque harmonics moves towards the right i.e. the 
cluster of torque peaks approaches the 38 Hz region and then moves away from it. This 
provides a range of speeds where the dominating torque peaks will occur very close to 
the natural frequency. This is indicated by the severe vibrations of the low-speed 
coupling at a frequency of 38 Hz as shown by Figure 112. This explains the onset of 
severe 38 Hz vibration for speed range of 1258-1412 rpm as observed by SwRI [1]. 
5.1.5. Effect of torsional natural frequency on torsional vibrations and torque 
harmonic spectrum in V/Hz control 
The motor nameplate and the obtained DQ parameters described in Figure 105 
and Figure 106 are also kept fixed. The motor target speed in open-loop V/Hz control 




and Figure 102 except the low-speed and high-speed coupling stiffness are kept constant. 
Both the low-speed and high-speed coupling stiffness is varied from 0.1x to 100x of the 
SwRI model stiffness value. This is achieved by multiplying the shear modulus (G) of 
the low-speed and high-speed couplings by a multiplication factor. Note that both the 
low-speed and high-speed coupling shear moduli are multiplied by the same 
multiplication factor. As the modified shear moduli modifies the coupling stiffness, each 
stiffness multiplication factor corresponds to a new fundamental torsional natural 
frequency as described in Table 7. Note that the proportional damping in the system is 
maintained at 3%. 
 
Table 7 Stiffness multiplication factors and the corresponding fundamental 













0.1 15.377 3 48.746 
0.2 21.044 4 50.749 
0.3 24.99 5 52.074 
0.4 28.029 6 53.017 
0.5 30.486 7 53.722 
0.6 32.535 8 54.27 
0.7 34.28 9 54.707 
0.8 35.789 10 55.065 
0.9 37.111 20 56.763 
1 38.281 50 57.859 
1.4 41.88 75 58.111 
2 45.356 100 58.238 
 
 Again, for each stiffness multiplication factor, the electromagnetic torque and the 




waterfall plot with respect to the stiffness multiplication factor. The variation of the 
electromagnetic torque harmonics and the low-speed coupling relative angular 
displacement harmonics with the stiffness multiplication factor are shown in Figure 113 
and Figure 114, respectively. Note that since each stiffness multiplication factor 
corresponds to a unique torsional natural frequency, the plots shown in Figure 113 and 
Figure 114can also be interpreted as a variation of the harmonics with respect to the 
torsional natural frequency of the system. 
 
 
Figure 113 Variation of electromagnetic torque harmonics with stiffness 






Figure 114 Variation of the harmonics in relative angular displacement of the low-
speed coupling with stiffness multiplication factor in open-loop V/Hz control (N 
=1341 rpm, fPWM=1080 Hz) 
 
 Figure 113 shows that, if the system is significantly damped then the frequency 
of the electromagnetic torque harmonics at a constant speed is independent of the 
torsional natural frequency. This agrees with the Song’s formulas (43)–(48), which 
formulate that in V/Hz control of induction motors the frequencies of electromagnetic 
torque harmonics are an integer combination of the PWM frequency and the operating 
electrical frequency. The PWM frequency is 1080 Hz and the operating electrical 














As the PWM and the operating electrical frequency are fixed in the simulation, 
the electromagnetic torque harmonics occur at the same frequencies independent of the 
torsional natural frequency of the system as shown in Figure 113. Figure 114 shows that 
the coupling torsional vibration can be reduced by increasing the low-speed and high-
speed coupling stiffness to more than two times the SwRI model value. This reduction is 
achieved because the increased coupling stiffness shifts the fundamental torsional 
natural frequency of the system outside the high-amplitude torque harmonic cluster 
between 30-50 Hz. 
 
 
Figure 115 Variation of electromagnetic torque harmonics in 0-2500 Hz frequency 







Figure 116 Variation of the amplitude of 2160 Hz electromagnetic torque harmonic 
with the torsional natural frequency in open-loop V/Hz control (N =1341 rpm, 
fPWM=1080 Hz) 
 
The variation of the electromagnetic torque harmonics in the 0-2500 Hz 
frequency range with respect to the stiffness multiplication factor is shown in Figure 
115. The variation of the amplitude of the 2160 Hz torque harmonic (as seen in Figure 
115) with respect to the fundamental torsional natural frequency is shown in Figure 116. 
Figure 116 shows that the amplitude of the high-order electromagnetic torque harmonics 
(e.g. 2160 Hz in Figure 115) is independent of the coupling stiffness i.e. the natural 
frequency of the system. The term “high-order electromagnetic torque harmonics” refers 
to the electromagnetic torque harmonic frequencies which are far away from the 
torsional natural frequency of the system. 
The coupling stiffness and torsional natural frequency are varied using the 




four different motor speed in open-loop V/Hz control: 1351, 1321, 1441, and 1271 rpm. 
For each speed, the variation of the amplitude of a low-order electromagnetic torque 
harmonic with the torsional natural frequency is plotted. These plots of the amplitude of 
low-order torque harmonics with the torsional natural frequency for speeds 1351, 1321, 
1441, and 1271 rpm are shown in Figure 117, Figure 118, Figure 119, and Figure 120, 
respectively. The term “low-order electromagnetic torque harmonics” refers to the 
electromagnetic torque harmonic frequencies which are close to the torsional natural 
frequency of the system. 
 
 
Figure 117 Variation of the amplitude of 56.8 Hz electromagnetic torque harmonic 







Figure 118 Variation of the amplitude of 43.6 Hz electromagnetic torque harmonic 




Figure 119 Variation of the amplitude of 60.6 Hz electromagnetic torque harmonic 







Figure 120 Variation of the amplitude of 6.2 Hz electromagnetic torque harmonic 
with the torsional natural frequency in open-loop V/Hz control (N =1271 rpm, 
fPWM=1080 Hz) 
  
Figure 117, Figure 118, Figure 119, and Figure 120 show that the curve of the 
amplitude of the electromagnetic torque harmonic changes curvature when the natural 
frequency is close to the electromagnetic torque harmonic frequency 𝑓𝑇. This is 
supported by the presence of maximum in Figure 117 and the presence of maximum and 
minimum in Figure 118. Figure 117 and Figure 118have a maximum and minimum at a 
frequency near the electromagnetic torque harmonic frequency, 𝑓𝑇 = 56.8 Hz and 𝑓𝑇 =
43.6 Hz, respectively.  
Further, the amplitude curves in Figure 119 and Figure 120do not have a 
maximum or minimum because the electromagnetic torque harmonic frequencies, 𝑓𝑇 =
60.6 Hz and 𝑓𝑇 = 6.2 Hz, are outside the range of torsional natural frequency, 15.38–




near the electromagnetic torque harmonic frequency, 𝑓𝑇 = 60.6 Hz. Figure 120 shows 
that the curve rose from a minimum which possibly occurred at a frequency near the 
electromagnetic torque harmonic frequency 𝑓𝑇 = 6.2 Hz. This dependency of the 
amplitude of the electromagnetic torque harmonics on the fundamental torsional natural 
frequency of the system is because the electrical and mechanical systems are coupled by 
the electromagnetic torque and angular velocity of the motor as described in (49)–(52). 
5.1.6. Effect of motor target speed on torsional vibrations and torque harmonic 
spectrum in Direct Torque Control 
SwRI observes reduction in torsional vibrations when the VFD uses vector 
control instead of open-loop V/Hz control [1]. To verify this reduction, the V/Hz control 
is replaced by Direct Torque Control (DTC). The DTC parameters are shown in Figure 
121. The speed reference is the target speed of the motor. The torque limitation provides 
an upper limit on the maximum torque that can be extracted from the motor. The ramp 
limitation provides a limit on the acceleration of the motor. The speed/torque controller 
sampling time represents the interval at which the speed regulator generates new flux 
and torque references. The direct torque controller sampling rate represents the interval 
at which the observer calculates the actual stator flux and torque values. The maximum 
switching frequency represents the interval at which the inverter receives new switching 







Figure 121 Direct Torque Control (DTC) Parameters input 
  
The mechanical model of the SwRI system is kept fixed as described in Figure 
101 and Figure 102. The proportional damping in the system is maintained at 3%. The 
motor nameplate and the obtained DQ parameters described in Figure 105 and Figure 
106 are also kept fixed. With the DTC parameters as described in Figure 121, the system 
is simulated for 20 seconds. The plot of electromagnetic torque as a function of time is 
shown in Figure 122. Figure 122 shows that the motor takes 5 seconds to reach steady 
state. The steady-state part of the electromagnetic torque is subjected to FFT analysis 
and the torque spectrum is shown in Figure 123. 
Comparing Figure 123 with Figure 110, it is evident that the torque harmonic 
amplitude at 38 Hz reduces from 1650 lbf-inch in open-loop V/Hz to 30 lbf-inch in 
closed-loop DTC. Therefore, it is expected that the amplitude of low-speed coupling 






Figure 122 Electromagnetic Torque: Speed 1351 rpm, Damping 3%, DTC 
 
 
Figure 123 Electromagnetic Torque Spectrum: Speed 1351 rpm, Damping 3%, 
DTC 
  
 Keeping the mechanical and electrical parameters unchanged, the motor target 
speed in Figure 121 is varied from 950 to 1460 rpm. For each speed, the steady-state part 
of the electromagnetic torque and the relative angular displacement of the low-speed 




electromagnetic torque and the low-speed coupling relative angular displacement as a 
function of speed are shown in Figure 124 and Figure 125, respectively. 
 
 
Figure 124 Variation of electromagnetic torque harmonics with target motor speed 




Figure 125 Variation of harmonics in the relative angular displacement of the low-





 Comparing Figure 125 with Figure 112, it is observed that DTC results in 
vibrations of order 10-5 rad whereas the V/Hz has vibrations of order 10-3 rad. This 
reduction in vibrations can be explained by the reduction in the amplitude of low-order 
electromagnetic torque harmonics from 103 lbf-inch to 102 lbf-inch in V/Hz and DTC, 
respectively. This reduction of electromagnetic torque harmonic amplitude from V/Hz to 
DTC is shown in Figure 111 and Figure 124, respectively. 
5.1.7. Discussion 
 The presence of 38 Hz vibration in the SwRI VFD-driven compressor testbed is 
due to the presence of multiple electromagnetic torque harmonics near the 
fundamental torsional natural frequency, 38 Hz, of the system. These vibrations 
can be mitigated by increasing the coupling stiffness. 
 If the system is damped enough to avoid resonant vibrations, then the frequency 
of the electromagnetic torque harmonics is independent of the torsional natural 
frequency of the mechanical system. 
 The amplitude of the electromagnetic torque harmonic is higher when the 
frequency of the electromagnetic torque harmonic is close to the torsional natural 
frequency of the system. 
 An alternative method of mitigating torsional vibrations in VFD-driven motor-
mechanical systems is to use a closed-loop system (with sensors or sensorless). 
Accurately designed closed-loop VFD systems can significantly reduce the motor 




 In open-loop or closed-loop VFD systems, the use of motor manufacturer’s 
electromagnetic torque harmonic data for system design may be unreliable. This 
shortcoming results from the omission of performing a high-fidelity, coupled 
electrical-mechanical simulation of the full machinery system, as illustrated 
above. 
5.2. In-house VFD Test-rig 
VFD Software is unique in its ability to simulate rotordynamic systems along 
with the VFD-induction motor circuit. To benchmark VFD Software’s predictions of 
transient and steady-state electromagnetic torque and torsional vibrations it is essential to 
experimentally verify the results. This is achieved by designing a VFD-induction motor 
test-rig with the ability to measure to dynamic torque and torsional vibrations using a 
torque meter and torsional vibration sleeve, respectively [30]. 
For a preliminary design and analysis, the VFD test-rig is simulated using VFD 
Software. Natural frequency and modeshapes are determined. Motor nameplate is used 
to determine the motor resistances and inductances and the motor is simulated in V/Hz 
control. The theoretical and actual torque harmonic frequencies are determined and 
compared. The amplitude of the torque harmonics are calculated and verified to be 
within the operating range of the torque meter. 
5.2.1. System Model and Natural Frequencies 
The 2D layout of the VFD test-rig excluding the motor and VFD is shown in 
Figure 126. As evident in Figure 126, the test-rig has two torsional couplings. Coupling 




meter to the test-rig shafting. The test-rig also contains a Tilt-pad Journal Bearing 
(TPJB) which can be used to apply load on the motor. 
 
 
Figure 126 2D layout of VFD test-rig 
 
The torsional coupling is the R+W elastomer coupling is EKL-60C with a TPU 
as the elastomer insert for damping. The various dimensions of the EKL-60C coupling 
are shown in Figure 127. The Shore Hardness of the elastomer and the relative damping 
provided are shown in Figure 128. The Dynamic and Static Torsional Stiffness of the 
coupling can be obtained from Figure 129. Different methods of providing the damping 
of torsional couplings is studied in [6]. Reference [6] states that the shaft damping or 







Where, 𝐷 is the shaft damping or relative damping (N-m-s/rad; 𝐾 is the dynamic 




impact vibration, and forcing frequency for forced vibration; 𝑀 is the dynamic magnifier 
(dimensionless and can be assumed constant [6]). 
 
 
Figure 127 Dimensions of EKL-60C coupling 
 
 









Coupling manufacturers can provide the coupling damping value in other 
expressions other than 𝑀. One such expression is 𝜓. For highly damped torsional 









In motor-induced transient vibrations we need to calculate the natural frequency 
𝜔 to calculate the value of shaft damping 𝐷. The shaft configuration and added inertia 
tables is shown in Figure 130. The physical configuration is shown in Figure 131. The 
first undamped modeshape obtained by VFD Software is shown in Figure 132. 
 
 






Figure 131 Physical Configuration of VFD test-rig obtained by VFD Software 
 
 





Note that nodes 1-4 represent the motor’s shaft and rotor, nodes 4-5 represent 
coupling 1, nodes 5-6 represent the torque meter, nodes 6-7 represent the coupling 2, 
nodes 7-16 are the test-rig shafting, and node 12 is the TPJB bearing node.  











+ 1 = 15.74 
(106) 
 
 Using the manufacturer provided dynamic torsional stiffness 𝐾 = 2072 N-m/rad 
















 Preliminary testing of the TPJB shows that it provides a nominal absolute 
damping of 0.006 N-m-s/rad or 0.053 lbf-in-s/rad. To calculate the damped natural 
frequency the TPJB damping is provided at node 12 and the coupling 1 and coupling 2 
damping are provided between nodes 4-5 and 6-7, respectively. The shaft configuration 
and added inertia tables for the damped system is shown in Figure 133. The damped 
modeshape is shown in Figure 134. Note that the fundamental torsional natural 







Figure 133 Shaft and added inertia tables input (damped) 
 
 
Figure 134 First damped modeshape obtained by VFD Software 
 
5.2.2. Induction Motor Parameters 
The induction motor nameplate is shown in Figure 135. The motor name plate 




and code letter. From the nameplate it is easy to extract Output Power, Rated Voltage, 
Rated Operation Frequency, Rated Speed, and Number of Poles. Most induction motors 
are either of NEMA Design Type ‘A’ or ‘B’. It is assumed that the motor is of NEMA 
Design Type ‘A’. Motor Rated Power Factor ranges from 0.85 to 0.9. A typical value of 
0.87 is assumed. Motor Rated Efficiency ranges from 85% to 97%. A premium value of 
96.8% is assumed. The NEMA Code letter ranges from ‘A’ to ‘V’. Each letter 
corresponds to a ratio of the motor inrush current to motor rated current as described in 
Table 5. The further the letter from ‘A’, higher the motor inrush current. Motor inrush 
current is normally 10-20 times the rated current and usually lasts for a short time and is 
responsible for setting up the magnetic field in the stator and rotor by overcoming air-
gap reluctance. Thus, a higher load requires higher inrush current. Additionally, for the 
same load, a motor with a higher inrush current will reach steady-state faster than a 
motor with lower inrush current. Typically motors above 15 HP have letter codes from 
‘G’ and beyond [31]. Here, it is assumed that the motor has NEMA Code Letter code of 
‘O’. Note that the rated motor current is 32 Amps.  
 
 





 The induction motor name plate information provided to VFD Software is shown 
in Figure 136. VFD Software approximates the motor q-d resistances and inductances 
used in (34)–(42) based on the name plate information [28]. The approximated motor 
parameters are shown in Figure 137. 
 
 
Figure 136 Induction motor name plate input to VFD Software 
 
 
Figure 137 Induction Motor Approximated Motor Parameters 
 
5.2.3. VFD Open-loop V/Hz Drive Parameters 
The Dura Pulse GS3-4025 VFD is shown in Figure 138. The VFD can run the 
motor between electrical frequencies of 0.1–400 Hz with a resolution of 0.1 Hz. As the 
motor has 2 poles, the VFD can vary the speed from 6-24000 rpm with a step-size of 6 
rpm. The target speed here is set to 3600 rpm (low speed). The default (recommended) 




kHz. The inverter topology is set to 3 levels. The VFD open-loop V/Hz drive input is 
shown in Figure 139. 
 
 
Figure 138 Dura Pulse GS3-4025 VFD 
 
 
Figure 139 Open-loop V/Hz Drive parameters input to VFD Software 
 
5.2.4. Simulation 
The system is simulated up to 5 seconds under no load from the TPJB. The 
electromagnetic torque generated by the motor is shown in Figure 140. The angular 
velocity of node 2 (motor node) is shown in Figure 141. The torque transmitted between 




the nodes 4-5 and 6-7 (i.e. coupling 1 and coupling 2) is shown in Figure 143 and Figure 
144, respectively. Note that the system operates in steady-state after 3 seconds. 
 
 
Figure 140 Electromagnetic motor torque (V/Hz) 
 
 






Figure 142 Nodes 5-6 (torque meter) transmitted torque (V/Hz) 
 
 






Figure 144 Nodes 6-7 (coupling 2) relative angular displacement (V/Hz) 
 
The electromagnetic torque generated by the motor in the 3 to 5 second time 
range is shown in Figure 145. The angular velocity of node 2 in the 3 to 5 second time 
range is shown in Figure 146. The torque transmitted between nodes 5-6 (torque meter) 
in the 3 to 5 second time range is shown in Figure 147. The relative angular vibration in 
the nodes 4-5 and 6-7 (i.e. coupling 1 and coupling 2) in the 3 to 5 second time range is 






Figure 145 Electromagnetic motor torque (V/Hz, t=3 to 5 sec) 
 
 






Figure 147 Nodes 5-6 (torque meter) transmitted torque (V/Hz, t=3 to 5 sec) 
 
 







Figure 149 Nodes 6-7 (coupling 2) relative angular displacement (V/Hz, t=3 to 5 sec) 
 
In Figure 145, the mean operating torque is 20 lbf-in (2.26 Nm). This mean 
torque is present to overcome the TPJB drag torque and the coupling damping.  
In Figure 146, the steady-state motor speed is 3596 rpm which is very close to 
the target speed of 3600 rpm. The slip is 0.11%. 
In Figure 147, the mean transmitted torque is 20 lbf-inch with a pulsation of 
about 7 lbf-inch. The torque meter is rated for 15 Nm (132.76 lbf-inch) with a 12 bit 
resolution. This implies that the torque transmitted torque by the torque meter is well 
within its operating range. Therefore, the torque meter should be able to experimentally 
measure the dynamic torque in the system. 
In Figure 148 and Figure 149, the mean relative displacement in coupling 1 and 2 
is 0.0011 rad. This relative torsional vibration can be measured using the torsional 




5.2.5. Drive Torque Analysis 
The electromagnetic torque spectrum between 3 to 5 seconds is subject to FFT 
analysis. The electromagnetic torque spectrum in normal and log scale is shown in 
Figure 150 and Figure 151. It is evident from Figure 150 and Figure 151 that the 
electromagnetic torque has multiple torque harmonics in the 0-1000 Hz frequency range. 
 
 






Figure 151 Electromagnetic Torque Spectrum (V/Hz, t=3 to 5 sec, Log scale) 
 
 The actual dominating high-amplitude peaks in the torque spectrum shown in 
Figure 150 and Figure 151 are extracted and tabulated in Figure 152. Figure 152 shows 









 The theoretical torque harmonic frequencies according to Song’s formulas as 
described in (43)–(48) are shown in Figure 153, Figure 154, and Figure 155. Figure 153, 
Figure 154, and Figure 155 predict that the electromagnetic torque will have a rich 
harmonic spectrum in the 0-1000 Hz which is evident from the FFTs shown in Figure 
150 and Figure 151 as well as the extracted frequencies in Figure 152. 
 
Figure 153 Theoretical torque (Song) harmonic frequencies– Part 1 (V/Hz) 
 
 






Figure 155 Theoretical torque (Song) harmonic frequencies– Part 3 (V/Hz) 
 
5.2.6. Torque Meter Transmitted Torque Analysis 
The torque transmitted between nodes 5-6 (torque meter) in the 3 to 5 second 
time range shown in Figure 147 is subjected to FFT analysis. The spectrum of the torque 
meter transmitted torque in the 0–1000 Hz range and the 0-200 Hz range is shown in 
Figure 156 and Figure 157, respectively.  
 
 






Figure 157 Nodes 5-6 (torque meter) transmitted torque FFT (V/Hz, t=3 to 5 sec) 
 
 As shown in Figure 156 and Figure 157, the transmitted torque by the torque 
meter has a peak amplitude of 7 lbf-inch at 60 Hz. This is due to the torque harmonic 
frequency at 60 Hz which is near the torsional natural frequency of 59.98 Hz. The other 
frequencies in the spectrum of the transmitted torque by the torque meter are 20, 40, 80, 
and 100 Hz as shown in Figure 157. As the torque meter has a bandwidth of 1000 Hz, it 
should be able to experimentally measure and correlate the FFT plots shown in Figure 
156 and Figure 157. 
5.2.7. Coupling Vibration Analysis 
The relative angular vibration in the nodes 4-5 and 6-7 (i.e. coupling 1 and 
coupling 2) in the 3 to 5 second time range shown in Figure 148 and Figure 149, 
respectively are subjected to FFT analysis. The spectrum of the coupling 1 and 2 relative 






Figure 158 Nodes 4-5 (coupling 1) relative angular displacement FFT (V/Hz) 
 
 
Figure 159 Nodes 6-7 (coupling 2) relative angular displacement FFT (V/Hz) 
 
 Figure 158 and Figure 159, show that the coupling vibration has a peak at a 
frequency of 60 Hz. This is due to the presence of 60 Hz torque harmonic in the 




torsional damping was absent, the 60 Hz torque harmonic would have resulted in severe 
torsional vibrations of the couplings 1 and 2. 
5.2.8. Discussion 
The theoretical torque harmonic frequencies match with the actual torque 
harmonic frequencies in the electromagnetic torque spectrum. The transmitted torque by 
the torque meter is within the amplitude and bandwidth limits of the torque meter and 
therefore these predictions can be correlated with experimentation. The torsional 
vibration sleeve can be tuned to measure the torsional vibrations in the 0-200 Hz 
frequency range with a mean amplitude of an order 10−3 rad and fluctuating amplitude 




6. CONCLUSION AND FUTURE WORK 
 
6.1. Conclusion 
6.1.1. Steady-state Harmonic Response and Fatigue Life Prediction 
The life prediction code developed using the stress-based fatigue life and 
rainflow counting approach matches with the analytical computations for a simple 
motor-compressor train. The natural frequencies, mode shapes, torsional vibrations, and 
shear stress plots for multiple machinery trains were determined using VFD Software 
and XLRotor. The results show that the steady-state harmonic response code in the VFD 
Software has excellent correlation with XLRotor. The life prediction output obtained 
from VFD Software and XLRotor for the transient fatigue life analysis of a geared 
motor-compressor train have excellent correlation. XLRotor being the industry standard 
software rotordynamic simulation software is an excellent benchmark for VFD Software.  
6.1.2. SwRI VFD induction motor-compressor train 
VFD Software accurately predicts the first five natural frequencies and mode 
shapes for the SwRI motor-compressor train. SwRI’s experimental observation of severe 
38 Hz torsional vibrations in the low-speed shaft coupling in open loop Volts-Hertz 
operation was accurately predicted by VFD Software by performing a coupled electrical-
mechanical simulation of the system. Additionally, the SwRI model simulations in VFD 
Software show that in open-loop V/Hz control the torsional vibrations can be mitigated 
by tuning the coupling stiffness such that the torsional natural frequency moves away 




Software was able to verify SwRI’s prediction of reduction in torsional vibrations in 
closed-loop feedback control by implementing the VFD in Direct Torque Control and 
simulating it with the motor-compressor train. 
6.1.3. In-house VFD test-rig 
The simulations of the in-house VFD test-rig in open-loop Volts-Hertz control at 
3600 rpm show that the electromagnetic torque will have a rich harmonic spectrum. The 
torque transmitted by the torque meter will have a mean value of 20 lbf-inch and a 
pulsation of 7 lbf-inch. The harmonic spectrum of the torque meter transmitted torque 
will have a peak at a frequency 60 Hz with amplitude 7 lbf-inch. The other frequencies 
in the harmonic spectrum of the transmitted torque are at 20, 40, 80, and 100 Hz. The 
torque meter has a bandwidth of 1000 Hz, rated maximum torque of 133 lbf-inch, and a 
12-bit resolution. Therefore, experimentation will be able to correlate the frequency and 
amplitude of the harmonic spectrum of the torque meter transmitted torque.  
Additionally, VFD Software shows that there is torque harmonic frequency at 60 
Hz which is very close to the natural frequency of the system (59.98 Hz). This 
coincidence of the torque harmonic frequency with the torsional natural frequency is 
reflected in the coupling vibration harmonic spectrum with a peak at 60 Hz. The 
torsional vibration sleeve apparatus in the VFD test-rig will be able to measure the 
frequency and amplitude of the torsional vibrations to correlate with the predictions 






6.2. Future Work 
6.2.1. Strain-based life prediction 
VFD Software currently uses stress-based life prediction to calculate fatigue life. 
Stress-based life prediction provides a good estimate for high cycle fatigue (HCF) but 
cannot predict low cycle fatigue life in low cycle fatigue (LCF). When calculating LCF 
life, a better approach is to use strain-based life prediction. 
6.2.2. Non-linear torsional coupling 
The damping and stiffness provided torsional couplings is rarely constant and 
varies with the excitation frequencies and the load on the couplings. The model used by 
VFD Software currently needs constant torsional stiffness and damping. This can be a 
limitation when modeling torsional couplings with varying torsional stiffness and 
relative damping. Using a non-linear model for the torsional coupling can eliminate this 
limitation for transient and steady-state rotordynamic simulations. 
6.2.3. In-house test-rig motor parameters  
The induction motor parameters used for the Reuland motor are currently 
approximated from the motor name plate data. The motor parameters can be obtained by 
performing an electromagnetic FEM of the motor geometry. Also, the VFD can be used 
to perform test runs on the motor to determine the motor resistances and inductances. 
Future work, includes determining the motor parameters through experimentation and 
electromagnetic FEM and comparing them with the approximated motor parameters 
obtained from VFD Software. 




Future work include fabricating the test-rig and experimentally measuring the 
amplitude and frequencies in the transmitted torque provided by the Reuland motor 
using a torque meter. The frequency and amplitude of the torsional vibrations in the 
system can be measured using the torsional vibration sleeve apparatus on the test-rig. 
The aim of the test-rig would be to experimentally obtain frequency and amplitude data 
for the transmitted torque and torsional vibrations and correlate these results with the 
predictions made by VFD Software. 
6.2.5. Sensorless Vector Control 
Currently, VFD Software only has Direct Torque Control (DTC) and Field 
Oriented Control (FOC) for closed-loop feedback control of induction motors. DTC and 
FOC need feedback of rotor speed to estimate the flux in the system. Alternatively, 
observers could be used to estimate the flux in the system using motor currents and 
voltages. The use of an observer for flux estimation eliminates the need of a speed 
sensor. Drives without dedicated flux, speed, and position sensors are known as 
Sensorless Drives. SwRI observed reduction in torsional vibrations when they used 
Sensorless Vector Control (SVC) instead of open-loop Volts-Hertz control. Therefore, 
development of a numerical scheme for implementation of SVC would provide further 
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